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Abstract 

A signed graph is a pair (G, E), where G — {V,E) is a graph (in which 
parallel edges are permitted, but loops are not) with V = {1, . . . ,n} and SC£. 
The edges in E are called odd and the other edges even. By S(G, E) we denote 
the set of all symmetric n x n matrices A — [ttj,j] with o^j < if i and j are 
connected by only even edges, Oj t j > if i and j are connected by only odd edges, 
<H,j G R if i and j are connected by both even and odd edges, ai.j — if i 7^ j and 
i and j are non-adjacent, and a^j G M for all vertices i. The parameter f(G, E) 
of a signed graph (G, E) is the largest nullity of any positive semidefinite matrix 
A g S^G, E) that has the Strong Arnold Property. By K% we denote the signed 
graph obtained from (K3, 0) by adding to each even edge an odd edge in parallel. 
In this paper, we prove that a signed graph (G, E) has v(G, E) < 2 if and only if 
(G, E) has no minor isomorphic to (K4, E(K4)) or . 

1 Introduction 

A signed graph is a pair (G, £), where G = (V, E) is a graph (in which parallel edges 
are permitted, but loops are not) with V = {1, . . . , n) and EC£ (We refer to for 
the notions and concepts in Graph Theory.) The edges in S are called odd and the other 
edges even. If V = {1, 2, . . . , n}, we denote by 5(G, S) the set of all real symmetric 
n x n matrices A = [dij] with 

• &ij < if i and j are connected by only even edges, 

• a,,j > if i and j are connected by only odd edges, 

• dij € K. if i and j are connected by both even and odd edges, 

• ai.j = if i 7^ j and i and j are non-adjacent, and 
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• a^i G K for all vertices i. 

In Q] we introduced for any signed graph (G, E) the signed graph parameter v. In 
order to describe this parameter we need the notion of Strong Arnold Property (SAP 
for short). A matrix A = [<Zjj] € S^G, E) has the SAP if X = is the only symmetric 
matrix X — [xij] such that Xi j = if i and j are adjacent vertices or i — j, and 
AX = 0. Then ^(G, S) is defined as the largest nullity of any positive semidefinite 
matrix A E S(G, E) that has the SAP. 

If G is a graph and v a vertex of G, then S(v) denotes the set of edges of G incident 
to v. If G is a graph and U C V(G), then <5(C) denotes the set of edges of G that have 
one end in U and one end in V(G) \ U. The symmetric difference of two sets A and B 
is the set AAB = A \ B U B \ A. If (G, E) is a signed graph and C/ C V(G), we say 
that (G, E) and (G, EA<5(£7)) are sign-equivalent and call the operation E — > EA5({7) 
re-signing on U. Re-signing on [/ amounts to performing a diagonal similarity on the 
matrices in S(G, E), and hence it does not affect v(G, E). We call a cycle G of a 
signed graph (G, E) odd if E n E(C) has an odd number of elements, otherwise we 
call G even. We call a signed graph bipartite if it has no odd cycles. Zaslavsky showed 
in |[T4l that two signed graphs are sign-equivalent if and only if they have the same set 
of odd cycles. Thus, two signed graphs (G, E) and (G, E') that have the same set of 
odd cycles have v(G, E) = u(G, E'). 

Contracting an even edge e = uv in a signed graph (G, E) means deleting e and 
identifying the vertices u and v, retaining the signs on the other edges. Contracting an 
odd edge e = uv in a signed graph (G, E) means first re-signing around u (or v) and 
then contracting e in the resulting signed graph. Note that if (H, E') is obtained from 
(G, E) by contracting an edge e, then the sign of each cycle G containing e in (G, E) 
is the same as the sign of the cycle C' in (H, E') obtained from G by contracting 
e. A subgraph of a signed graph is defined similarly as in the graph case. A signed 
graph (H, E') is a minor of a signed graph (G, E) if (H, E') is sign-equivalent to a 
signed graph that can be obtained from (G, E) by contracting a sequence of edges in 
a subgraph of (G, E). The parameter v has a very nice property which is stated in the 
following theorem. 

Theorem 1. [1 / If (H, 51) is a minor of a signed graph (G, E), then v{H, ft) < 
KG,E). 

In IH we also proved that a signed graph (G, E) has v(G, E) < 1 if and only 
if (G, E) is bipartite. For a positive integer n, we denote by K° the signed graph 
(K n , E(K n )) and by K= the signed graph (G, E(K n )), where G is the graph obtained 
from K n by adding to each edge an edge in parallel. In Figure [T] the signed graph K% 
and K% are depicted; here a bold edge denotes an odd edge and a thin edge an even 
edge. In this paper we prove the following theorem. 

Theorem 2. A signed graph (G, E) has v{G 1 H) < 2 if and only if (G, E) has no 
minor isomorphic to K\ or K^. 

One direction of the proof of this theorem follows easily from Theorem [Tj As 
v(Kl) = v{Kf) = 3 (see QJ), any signed graph (G, E) with v{G,T) < 2 cannot 
have a minor isomorphic to K% or K^. The proof of the opposite direction spans 
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Figure 1 : K\ and 

the major part of this paper. In the proof we will use a decomposition theorem of 
Gerards J6]|71, see the next section for the statement of this theorem. 

The parameter v for signed graphs is analogous to the graph parameter v introduced 
by Colin de Verdiere in 0. For a simple graph G = (V, E) with V = {1, 2, . . . , n), 
denote by S(G) the set of all real symmetric n x n matrices A — [<Zi with a, j 7^ 
if i 7^ j and i and j are adjacent, djj = if i 7^ j and i and j are non-adjacent, and 
Of,! G M for all i E V. For a simple graph G, f (G) is defined to be the largest nullity 
of any positive semidefinite matrix A E S'(G) having the SAP. This parameter has the 
property that if H is a minor of G, then v{H) < v(G). Colin de Verdiere showed in 
\2\ that for simple graphs, v(G) < 1 if and only if G is a forest. The simple graphs 
G with v(G) < 2 have been characterized by Kotlov fTTj . The parameter v can be 
extended to graphs in which parallel edges are permitted, but loops are not; see 10. In 
1 10 1, van der Hoist gave a characterization of graphs G with v(G) < 2. In [9 |, van der 
Hoist gave a characterization of graphs G with v(G) < 3. 

The maximum nullity of (G, E), denoted M(G, E), is the maximum of the nul- 
lities of the matrices in S(G, E). The maximum semidefinite nullity of (G, E), de- 
noted M_|_(G, E), is the maximum of the nullities of the positive semidefinite matri- 
ces in S(G,S)). Clearly, M+(G,E) < M (G, E). As v{G, E) is a lower bound 
of M + (G, E), it can be used to obtain lower bounds for M + (G, E) using minors of 
(G, E). For example, let denote the signed graph (G2, {e}), where C2 is the 2- 
cycle and e an edge of G^. A signed graph (G, E) has a minor isomorphic to if 
and only if (G, E) has an odd cycle. In (T), we proved that v(K^ = 2, and so if a 
signed graph (G, E) contains an odd cycle, then v{K^) = 2 < M + (G, E). Hence a 
signed graph G with M + (G, E) < 1 does not contain any odd cycle, that is, (G, E) is 
bipartite. The complete characterization of signed graphs (G, E) with M + (G, E) < 1 
is as follows: M + (G, E) < 1 if and only if (G, E) is connected and bipartite. See H) 
for a proof. 

2 A decomposition theorem of Gerards 

For presenting the decomposition theorem of Gerards, we need to introduce the notion 
of /c-split; see (6). 

Let (G, E) be a signed graph. Suppose Ei, E2 is a partitioning of E(G) with both 
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Figure 2: The double prism 



Ei and E 2 nonempty. For i = 1,2, let Vj be the set of all ends of edges in E^, and let 

G i = (V i ,E i ). 

Let k = \Vi ("I V 2 \. If k < 1, then we say that (G\,.Ei n E) and (G 2 ,E 2 n E) form 
a fc-sp/fr of (G, E). The signed graphs (Gi,Ei n E) and (G 2 ,E 2 n E) are called the 
parts of the fc-split. 

Suppose that Vi PI V 2 = {u, v} with u ^ v and that G; for i = 1,2 is connected 
and not a signed subgraph of K 2 . Define the signed graph (Gi,Ei) as follows. If 
(G2, E 2 n E) is not bipartite, add between the vertices u and v of (Gi, E\ n E) an odd 
and an even edge. If (G 2 , E 2 H E) is bipartite, add a single edge between u and v. Add 
e to Ei if and only if there exists an odd path between u and v in (G 2 ,E 2 fl E). The 
signed graph (G 2 , E2) is defined similarly. We say that (Gi, Ei) and (G 2 , E2) form a 
2-split of (G, E). The signed graphs (Gi, Ei) and (G2, E 2 ) are called the parts of the 
2-split. If (Gi, Ei n E) is not bipartite for i = 1, 2, then we call the 2-split strong. 

Suppose \V% fl V2I = 3, say V\ n V 2 — {u\,u 2 ,u^). Furthermore, assume that G2 
is bipartite and connected, and that \E 2 \ > 4. Define G% as follows. Let w be a new 
node, let V(G{) =VlU {w} and E{G\) = E x U {uiw, w 2 w, U3W}. Define E to be 
the subset of {u 2 w, u^w} which has UiW £ E if and only if there exists an odd path 
from mi to Ui in (G 2 , E 2 n E). Define E x = (E x n E) U E. We say that (G x , E x ) 
forms a 3-split of (G, E). We call (Gi, Ei) the part of the 3-split (so a 3-split has only 
one part). 

A signed graph (G, E) is called almost bipartite if there exists a vertex v E V(G) 
such that v £ V(C) for each odd cycle C. A signed graph (G, E) is said to be planar 
with two odd faces if G can be embedded in the plane such that all but two faces have 
a bounding cycle that is even. Let G be the graph obtained from two disjoint i^s by 
connecting the vertices of one K3 to the other K% by two parallel edges in a one-to-one 
way. From each parallel class with two edges, choose one edge, and let E be the set of 
all these edges. We call the signed graph (G, E) the double prism. See Figure|2] 

In [6 1, Gerards proved the following theorem; the theorem is stated in [6 1 for signed 
graphs in which loops are permitted, but it is clear that the theorem still holds if we do 
not permit loops. 
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Theorem 3. Let (G, E) be a signed graph, with no K\- and no K 3 -minor. Then at 
least one of the following holds: 

1. (G, E) has a 0-, 1-, 2-, or 3-split; 

2. (G, E) is almost bipartite; 

3. G is planar with at most two odd faces; 

4. (G, E) is sign-equivalent to the double prism. 

The idea of the proof of Theorem|2]is the following. Suppose for a contradiction 
that a signed graph (G, E) with no K\- and no A^-minor has v{G : E) > 3. From the 
results of Section|4] we obtain that if (G, E) has a 0-, 1-, 2-, or 3-split, then some part 
(H, Q) of this split has v(H, fi) > 3. Hence we may assume that (G, E) has no 0-, 1-, 
2-, or 3-split. Then (G, E) is 2-connected. By Theorem [3] (G, E) is almost bipartite, 
planar with at most two odd faces, or sign-equivalent to the double prism. In Section [5] 
we will show that each signed graph (G, E) belonging to at least one of these latter 
classes has v(G 1 E) < 2, which yields a contradiction. 

It is interesting to note that the proof of the above theorem given by Gerards uses 
the decomposition theorem of regular matroids of Seymour 1131 . The connection is the 
following. If (G, E) is a signed graph, then the extended even cycle matroid, M. (G, E), 
of (G, E) is the binary matroid respresented over GF(2) by the matrix 

1 XT, 

M G ■ 

Here xs denotes the characteristic vector of E as a subset of E{G) and Mq denotes the 
vertex-edge incident matrix over GF(2) of G. If M is a minor of the matroid M.{G, E), 
then M can be represented over GF(2) by a matrix 

1 Xn 

M H \ ' 

where Mjj denotes the vertex-edge incident matrix over GF(2) of a graph H and xn 
denotes the characteristic vector of a subset ft of E(H), such that (H, ft) is a minor of 
(G, E). Now, M(K^) and M(K%) are isomorphic to the Fano plane and the dual of 
the Fano plane, respectively. Since regular matroids are exactly those binary matroids 
with no minor isomorphic to the Fano plane or the dual of the Fano plane, M(G, E) is 
regular for any signed graph (G, E) with no K\- and no A'^-minor. Seymour showed 
in lTT~3l that any regular matroid decomposes into graphic and cographic matroids, and 
copies of a certain 10-element matroid. The translation of regular matroids to signed 
graphs is as follows: the graphic matroids yield signed graphs that are almost bipartite, 
cographic matroids yield planar signed graph with two odd faces, and the 10-element 
matroid yields the double prism. 

The result of Seymour also provides a polynomial-time algorithm for recognizing 
whether a binary matroid is regular or not, see lfl2l . Hence there exists a polynomial- 
time algorithm for recognizing whether or not a signed graph has no K%- and no K^- 
minor. Together with Theorem [2] this yields a polynomial-time algorithm for testing 
whether or not a signed graph (G, E) has v(G 1 E) < 2. 
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3 Planar graphs with two odd faces 



In this section we show that planar graphs with two odd faces can be reduced to 
using certain transformations and reductions. In Section|4] we will see that these trans- 
formations and reductions do not decrease v, and therefore a planar graph with two 
odd faces (G, E) has v(G : S) < viK^) — 2. In this section, loops are permitted in 
the graphs. 

A degree-one reduction in a graph means that we delete a vertex of degree one. A 
loop reduction in a graph means that we delete a loop. A series reduction in a graph 
means that we delete a vertex v of degree two which has two neighbors and connect the 
two neighbors of v by an edge. A parallel reduction in a graph means that we delete all 
but one edge in a class of parallel edges. A Y A-trans formation in a graph means that 
we delete a vertex of degree three which has three neighbors and add between each pair 
of these neighbors an edge. A triangle in a graph is a subgraph isomorphic to K3. A 
AY -transformation means that we delete the edges of a triangle and add a new vertex 
and edges between this new vertex and the vertices of the triangle. A AY -exchange is 
a AY- or YA-transformation. 

We say that a graph G with two particular distinct vertices, called terminals, is 
AY -reducible to G' if G' can be obtained from G by some sequence of degree-one, 
loop, series, and parallel reductions and AY-exchanges, where the terminals cannot be 
deleted by a reduction or transformation. 

Theorem 4 (Epifanov |4 |). Any connected planar graph with two distinct terminals is 
AY -reducible to a single edge where the two terminals are the ends of this edge. 

A graph G is called a block if for every two distinct edges e, / of G, there exists 
a cycle in G containing e and /. So, for example, a block with at least two edges 
cannot have any loops. A block with at least three vertices is 2-connected. If G is 
a plane block, then the dual of G is also a block. (A plane block is a block that is 
embedded in the plane.) Furthermore, in a plane block a series reduction gives in the 
dual a parallel reduction; if the block has at least three edges, then a parallel reduction 
on two parallel edges that bound a face gives in the dual a series reduction; if the block 
consists of two parallel edges, then a parallel reduction on the two parallel edges gives 
in the dual a loop; and a YA-transformation gives in the dual a AY-transformation. 
However, a AY-transformation in a plane block does not necessarily give in the dual 
a YA-transformation. We call a AY-transformation on a triangle where each of the 
vertices of the triangle has degree at least three an allowable AY-transformation. An 
allowable AY-transformation on a block gives a block. In a plane block, an allowable 
AY-transformation gives in the dual a YA-transformation. If a triangle has exactly 
one vertex, v, of degree two in G, we call the deletion of the edge in the triangle that is 
not incident to v a AP2-reduction. A AP2-reduction on a block gives a block. (Since 
the triangle on which we apply the AP2 -reduction has exactly one vertex of degree 
two, the graph has at least four edges.) The dual reduction of a AP 2 - re duction is the 
following. If a vertex v in a graph has degree two and three edges incident to it, then 
a series-parallel reduction on v means that we contract the edge incident to v that has 
no edge parallel to it. In a plane block, a AP2-reduction gives in the dual a series- 
parallel reduction. If there are at least two vertices of degree two in the triangle of a 
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graph G which is a block, then G is equal to the triangle. A series reduction on the 
non-terminal vertex of triangle and then a parallel reduction yields a single edge where 
the two terminal are the ends of this edge. 

We say that a block G with two terminals is nicely AY -reducible to G' if G' can be 
obtained from G by some sequence of series, parallel, AP 2 reductions and allowable 
AY-transformations and YA-transformations, where the terminals cannot be deleted 
by a reduction or transformation, and where in each step of the sequence each graph is 
a block. We summarize as follows. 

Theorem 5. Any planar block with two distinct terminals is nicely AY -reducible to a 
single edge where the two terminals are the ends of this edge. 

The last step in this sequence of series, parallel, AP2 reductions and allowable 
AY-transformations and YA-transformation is a parallel reduction. Hence we obtain 
the following theorem. 

Theorem 6. Any planar block with two distinct terminals is nicely AY -reducible to 
two parallel edges where the two terminals are the ends of these edges. 

Let G be a plane block with at least two edges. Any face of G is enclosed by 
a cycle. For any face F, if v is a vertex incident with F, then a series reduction on 
v yields a face <f>(F) whose enclosing cycle is obtained from the enclosing cycle of 
F by a series reduction on v, and if v is a vertex that is not incident with F, then 
a series reduction on v yields the face F. Similar statements hold for series-parallel 
reductions and YA-transformations. If F is bounded by two parallel edges, then a 
parallel reduction on these parallel edges will delete the face F. A parallel reduction 
on parallel edges that do not bound F yields F. Similarly, if F is bounded by a triangle, 
then a AY-transformation on this triangle will delete F, and a AY-transformation on a 
different triangle yields F. If F is not bounded by a triangle, then a AY-transformation 
yields F. 

We say that a plane block G with two distinct faces is nicely AY -reducible to a 
plane graph G' if G' can be obtained from G by some sequence of series, parallel, and 
series-parallel reductions, and AY-exchanges, where the faces cannot be deleted by a 
reduction or transformation. 

Dualizing Theorem [6] yields the following theorem. 

Theorem 7. Any plane block with two distinct faces is AY -reducible to two parallel 
edges where the two faces correspond to the two distinct faces. 

Let (H, fi) be a signed graph in which H is a plane graph. We call a face of (H, f2) 
odd if the enclosing cycle is odd, and call it even if the enclosing cycle is even. 

Let (G, E) be a signed graph. If v is a vertex of (G, E) of degree two which has 
two neighbors, then a series reduction on v in (G, E) means that we delete v, connect 
the two neighbors of v by an even edge if both edges incident to v are odd, connect 
the two neighbors of v by an odd edge if exactly one of the edges incident to v is odd, 
and connect the two neighbors of v by an even edge if both edges incident to v are 
even. If two parallel edges in (G, E) bound an even face F, then a parallel reduction 
on F means that we delete one edge from these two parallel edges. Suppose e and / 
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are parallel edges of the signed graph (G, E) and e G S and / E. If an end, t>, of 
e is incident to exactly one edge g {e, /}, then by a parallel-series reduction on w 
in a signed graph we mean that we contract g. Notice that if (G, E) is a plane graph 
with two odd faces, then a parallel-series reduction yields a plane graph with two odd 
faces. If v is a vertex of (G, E) of degree three which has three neighbors, then a YA- 
trans formation (on v) in (G, E) means that we delete v and for each pair of distinct 
neighbors, add an odd (even) edge if the path of length two through v between this pair 
of neighbors is odd (even). If T is an even triangle in (G, E), then T has either no or 
exactly two odd edges. If T has no odd edges, then a Ay-transformation on T means 
that we remove the edges of T, add a new vertex v, and for each vertex winT add an 
even edge between v and w. If T has exactly two odd edges, let w\ be the vertex of 
T that is incident to two odd edges, and let w 2 and W3 be the other vertices of T. In 
this case, a Ay-transformation on T means that we remove the edges of T, add a new 
vertex v, and add an odd edge between w\ and v, and even edges between u> 2 and v 
and between w 3 and v. We do not allow a Ay-transformation on an odd triangle. 

We say that a plane block (G, E) with two odd faces is nicely AY -reducible to 
a plane block (G', E') if (G', E') can be obtained from (G, E) by some sequence of 
series, parallel, and series-parallel reductions, and Ay-exchanges. 

If we make the two odd faces the distinct two faces, then Theorem [7] becomes our 
main result of this section. 

Theorem 8. Let (G, E) be a plane block with two odd faces. Then (G, E) is nicely 
AY -reducible to K^. 

4 Splits, reductions, and AF-exchanges in signed graphs 

In this section, we show that i/(G ', E') = v(G 1 E) if (G', E') is obtained from (G, E) 
by a series, parallel, or a series-parallel reduction, or a Ay-exchange. Then we obtain 
formulas which allow to calculate v(G, E) from the values of v on the parts of a 0-, 1-, 
2-, or 3-split of (G, E). 

A proof of the following lemma can be found in |Q] . 

Lemma 9. Let (G, E) be a connected bipartite signed graph and let A 6 S(G, E) 
be positive semidefinite. If x £ ker(A) is nonzero, then x has only nonzero entries. 
Furthermore, nullity(A) < 1. 

For a proof of the following lemma, see 13 . 

Lemma 10. // A is a positive definite matrix whose off-diagonal entries are nonposi- 
tive, then each entries of A^ 1 is nonnegative. 

Let (G, E) be a signed graph, and let Gi and G2 be subgraphs of G. Let Ej = E n 
E(G l )fori = 1,2. Wecallthepair[(Gi,Ei),(G 2 ,E 2 )] a k-partition if G!UG 2 = G, 
£(Gi) n E{G 2 ) = 0, and k = \V{G X ) n V(G 2 )|. 

Lemma 11. Let (G, E) be a signed graph and let [(Gi, Ei), (G2, E 2 )] be a k-partition 
of (G, E). Suppose (G 2 , E 2 ) is bipartite and connected, and let (H, f2) be obtained 
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from (Gi, Ei) by adding between each pair of distinct vertices u, v ofV(G\) fl y(G 2 ) 
an even (odd) edge if there is an even (odd) path in (G 2 , E 2 ) between u and v. Then 
M + (H, fi) > M + (G, E) and v(H, ft) > v(G, E). 

Proof Let S = V{G X ) n V(G 2 ), D = V{G X ) \ S, and C = V(G 2 ) \ S. As (G 2 , E 2 ) 
is bipartite, we can re-sign on U C G such that each edge in G[G] is even. 

Let A g S(G, E) be positive semidefinite. Suppose for a contradiction that nullityA[G] 
1; let x € ker(A[G]) be nonzero. Let j/ be the vector on F(G 2 ) defined by y[C] = x 
and y s = if s € V^(G 2 ) \ F(Gi). Since 2/ T A[F(G 2 )]y = 0, y € kcr(A[\Z(G 2 )]). 
Since (G 2 , E 2 ) is bipartite and connected, this contradicts Lemma|9] Hence A[C] is 
positive definite. 

The Schur complement of A[C] in A is 



B = 



A[D] 
A[S,D] A[S] 



A[D,S] 
A[S, C}A[C}- 1 A[C,S] 



> 



From Lemma 10 it follows that B € S(H, Q). Since A[G] is positive definite, B is 
positive semidefinite and nullity B = nullity A Hence M + (H, fl) > A1 + (G, E). 

Suppose A has the SAP. Let Y = [yij] be a symmetric matrix with yt j — if i and 



j are adjacent in H or if i = j, and such that BY = 0. Let Z = 
and 

" Y[D] Y[D,S] Z T ' 



-A\C\- X A[C, S]Y[S, D] 



X = [Xij] = 



Y[S,D] 
Z 



Then Xi j = if i and j are adjacent in G or if i = j, and AX = 0. Since A has 
the SAP, X = 0. Hence F = 0, which means that B has the SAP. Hence v(H, ft) > 
v(G, E). □ 

From Theorem[TT] we immediately obtain the following lemma. 

Lemma 12. Lef (G, E) foe a signed graph. If (G 1 , E') is obtained from (G, E) by ap- 
plying aY ^-transformation, then Af + (G,E) < Af + (G', S') andv(G, S) < ^(G',E'). 

The following lemma deals with Ay-transformations. Recall that we allow a AF- 
transformation only on an even triangle. 

Lemma 13. Let (G, E) be a signed graph. If (G', E') is a signed graph obtained 
from (G, E) by applying a AY -transformation, then M + (G, E) < M + (G',E') and 
v(G, E) < v(G', E'). 

Proof. Let A € <S(G, E) be a positive semidefinite matrix. Let S — {vi, w 2 , 1*3} 
be the vertices of the triangle A on which we apply the Ay-transformation and let 
G = V(G) \ S. We can write A as 



K + T 
A\C, SI 



A[5, C\ 
A[C] 



where t^j < (£f j > 0) if the edge of the triangle A connecting i and j is even (odd), 
and where kij < if the other edges of (G, E) connecting i and j are all even, fcjj > 
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if the other edges of (G, S) connecting i and j are all odd, € R if the other edges 
of (G, X) connecting i and j include both even and odd edges, and kij — if there are 
no other edges of (G, S) connecting i and j. 



We can find real numbers b, c, <i such that t, 



-be t 



-bd, and 



—cd. To see this, notice that, as A is an even triangle, t VliVs t VlfV3 t V2tV3 < 0, and so 



lu 



< 0. Hence 



^Vi ,V2 ,V3 l^>V\ ,U3 



is a well-defined real number. The real numbers b and d can be found similarly. Let 



B = [b id ] 



d 



t Vl , Vl +b 2 
k V2 ,vi 
k V3)Vl 
A[C, Vl ] 



A[C,v 2 ] 



+ d 2 

'V% ,1)3 i LL 

A[C,v 3 ] 





A[v u C] 
A[v 2 ,C] 
A[v 3 ,C] 
A[C] 



Since B/B[l] = A and bi t \ > 0, B is positive semidefinite and nullity B = nullityA 
Furthermore, since B e S(G', S'), M + (G', S') > M + (G, S). 

Suppose A has the SAP. Let F = [yi t j] be a symmetric matrix with y it j = if i 
and j are adjacent or if i = j, and such that BY = 0. We can write Y as 








Y[S,vo] 
Then, since BY = 0, y Vl 



X 



Then AX = and x, 






Vvi,V 2 

Vvi,v 3 

Y[S, Vl ] 

>2 = Vvx,V 3 





Y[C, Vl ] 



2A>1 ,V 2 



Vv 2 ,v 3 

Y[S,v 2 ] 

= Uv2.V 3 - 





Y[C,v 2 ] 





Vv2,V3 



Y[S,va] 
-- 0. Let 





Y[C,vs] 



Y[v Q ,C] 
Y[v u C] 
Y[v 2 ,C] 
Y[v 3 ,C] 
Y[C] 



Y[ Vl ,C] 
Y[v 2 ,C] 
Y[v 3 ,C] 
Y[C] 



SAP, X -- 
u(G,H). 



0. Hence Y 



-- if i and j are adjacent or if i = j. Since A has the 
0, which means that B has the SAP. Hence v(G' ', £') > 

□ 



The following lemma deals with series and series-parallel reductions. 

Lemma 14. Le/ (G, S) fee a signed graph. If (Gi, Si) is obtained from (G, S) fey a 
series or series-parallel reduction, then v(Gi,Y,\) — v(G, S). 

Proof. Since (Gi, Si) is sign-equivalent to a minor of (G, S), v(G\, Si) < f(G, S). 
Hence it suffices to show that v(G, S) < v(G\, Si). 

Let A — [aij] € S(G, S) be a positive semidefinite matrix that has the SAP. Let v 
be the vertex on which we apply the series or series-parallel reduction, let u and w be 
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the neighbors of v, where we assume that between v and w there is a single edge, and 
let R = V(G) \ {u,v,w}. Then a v>v > 0, for otherwise the 2x2 principal matrix 



would be negative, contradiction that A is positive semidefinite. The 



Schur complement of A[v] in A is 



A[{u, w} — A[{u, w}, v]a v *A[v, {u, w}} A[{u, w}, R] 
A[R,{u,w}} A[R] 



Since a v _ v > 0, B is positive semidefinite and nullity(_B) = nullity(yl). Since b UiV 



*"U,V u 'v,V U 'V,W 



Be S(Gi,Ei) 



To see that B has the SAP, let Y = ytj be a symmetric matrix with j/jj = Oif i = j 
or if i and j are adjacent, and such that BY = 0. LetZ = — a~\A\v, {u, wY\Y[{u, w}, R] 
and 

"0 z 

X=[x Lj ]= Y[{u,w},R] 

[Z T Y[R,{u,w}} Y[R] 

Then Xij = if i = j or if i and j are adjacent, and AX — 0. As A has the SAP, X = 
0. Hence Y = 0, which shows that B has the SAP. Hence v{G, S) = v(G 1 ,'Ei). □ 

From the previous lemma it follows that the problem of determining v(G, £) for a 
signed graph (G, S) can be transformed, by subdividing each even edge, to determining 
^(-ff, E(H)) for a signed graph (/f, E(H)), in which each edge is odd. 

The proof of the following lemma is clear. 

Lemma 15. Let (G , S) be a signed graph. If e, f are parallel edges and either e, / G S 
ore, / ^ S, anc/ (C, £') M f/ie signed graph obtained from (G, S) fey deleting e, then 
M + (G",S') = M+(G,E) andv{G ',E') = £). ' 

We now show that if a signed graph (G, S) has a fc-split (fc = 1, 2, or 3), then 
^(G, S) can be calculated from the values of v on the parts of the fc-split. 

Theorem 16. Let {G form aZ-split of '(G,S). Then v(G,Y>) =i/(Gi,E x ). 

Proo/ Since (Gi,Ei) is a minor of (G, E), i/(Gi,Ei) < i/(G,E). 

Let be a partitioning of -E(G) with both E\ and nonempty which gives 

rise to the 3-split (Gi,£i). For i = 1,2, let Vi be the set of all ends of edges in 
Ei, and let G, = Let (if,fi) be obtained from {G\,E\ n E) by adding 

between each pair of distinct vertices u, v of V(G\) n ^(62) an even (odd) edge if 
there is an even (odd) path in (G2,i?2 H E) between u and u. Let T be the trian- 
gle on the three added edges. Since (G2, E2 l~l E) is bipartite, T is an even cycle, and 
moreover, since (G2, £2 HE) is connected, v(H, Vt) > v(G 1 E), by Lemma 1 1 Apply- 
ing a AF-transformation on the triangle T in (H, fi) gives (Gi, £1). By Lemma [T3| 
i/(G l5 Ei) > v{H, n). Hence i/(Gi, Ei) > i/(G, E), and since i/(Gi, Si) < ^(G, E), 
the theorem follows. □ 

The following lemma shows that the SAP puts certain restrictions on a matrix A € 
S(G,E). 
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Lemma 17. Let (G, E) be a signed graph and let A £ S(G, E) be positive semidefi- 
nite. Let S C V and let C\, . . . , C m be the vertex-sets of the connected components of 
G — S. If A has the SAP, then there is at most one Ci with nullity (A[Ci]) > 0. 

Proof Suppose that miility(A[C;]) > and nullity (A [Cj]) > 0, where i ^ j. Let y 
be a nonzero vector in ker(^4[Gi]) and z be a nonzero vector in ker(A[Cj-]). Define 
the vectors u, w on V(G) by u v = y v if v £ Ci and u v = otherwise, and w v = z v 
if v £ Cj and w v = otherwise. Then u T Au — y T A[Ci]y = and w T Aw — 
z T A[Cj]z — 0. Hence u,w £ ker(A), as A is positive semidefinite. Let 



Then Xij = if i and j are adjacent or if i = j. Since AX = and X ^ 0, 
A does not have the SAP. This contradiction shows that there is at most one Cj with 



Theorem 18. Let (Gi, £i) and (G 2 , E 2 ) form a 0-, 1-, or 2-split of (G, E). Then 
u(G, E) = max{i/(Gi, Ei), i/(Gf a , E 2 )}. 

Proof. As (Gi , Ei) and (G2, E 2 ) are isomorphic to minors of (G, E), it follows by the 
minor-monotonicity of v that v{G\ 1 Ei) < f(G, E) and v(G2 : E 2 ) < ^(G, E). Hence 
it suffices to show that v(G, E) = v(G x , Ei) or ^(G, E) = f (G 2 , E 2 ). 

Let A € ^(G, E) be a positive semidefinite matrix that has the SAP. 

Suppose (Gi , Ex) and (G 2 , E 2 ) form a 0-split of (G, E). By Lemma[l7] A[F(G X )] 
or A[V(G2)] is positive definite. By symmetry, we may assume that A[V(Gi)] is posi- 
tive definite. Then A[y(G 2 )] is positive semidefinite and nullity /1[V(G 2 )] = nullityA. 
To see that A[V(G 2 )] has the SAP, let Y = [yij] be a symmetric matrix with y^j — 
if i = j or if i and j are adjacent, and such that ^4[F(G 2 )]y = 0. Let 



Then, Xij = if i = j or if i and j are adjacent, and AX = 0. As A has the SAP, 
X = 0. Hence Y = 0, which shows that A[V(G 2 )\ has the SAP. Hence v{G 7 E) = 
KG 2 ,E 2 ). 

Suppose now (Gi, Ei) and (G 2 , E 2 ) form a 1-or 2-split of (G, E). If (Gi, E x ) and 
(G 2 , E 2 ) form a 2-split, we may assume that the 2-split is strong, for otherwise we can 
useLemma[TT] Let S = V{G X ) n V(G 2 ), G x = V(G X )\S, andG 2 = V{G 2 )\S. By 
Lemma [l7] A[Gi] or A[G 2 ] is positive definite. We may assume that A[Gi] is positive 
definite. The Schur complement of A[V(Ci)] in 



X=[x. 



T T 
= UW + WU . 



nullity(A[Ci]) > 0. 



□ 




Y 



' A[d] A[C 1: S] 
A= A[S,d] A[S] 
A[C 2 ,S\ 



A[S,C 2 ] 
A[C 2 ] 







is 



B = 



A[S] - AfoOlAld^AlC^S] A[S,C 2 ] 
A[C 2 ,S] A[C 2 ] 
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The matrix B is positive semidefinite and nullity £? = nullityA Furthermore, B € 

S(G 2 ,E 2 ). 

To see that £? has the SAP, let Y = y%j be a symmetric matrix with ijij = Oif i = j 



or if i and j are adjacent, and such that BY 
and 

~ 

X 



0. Let Z = -Ald^Ald, S]Y[S, G 2 ] 



Then x, 



Oif i 






j or if i and j are adjacent, and AX 







z 

Y[S,C 2 ] 
Y[C 2 ] 

0. As A has the SAP, X 



0. Hence Y = 0, which shows that B has the SAP. Hence v(G, E) = ^(G 2 , E 2 



□ 



5 Bounding the nullity of the graph classes 

In this section we first show that v(G, E) < 2 for signed graphs (G, E) that are almost 
bipartite or planar with at most two odd faces, and that v(H, fi) = 2 for the double 
prism (iJ, O). Then we give the proof of Theorem[2] 

Lemma 19. If(G, E) w 2-connected and almost bipartite, then v(G, E) < M + (G, E) < 
2. 

Proof. Suppose for a contradiction that there exists a positive semidefinite matrix A £ 
S , (G, E) with nullity (A) > 2. Let u be a vertex such that v £ V(C) for each odd 
cycle C, and let w be any other vertex. Then there exists a nonzero vector x whose 
components corresponding to v and w equal 0. Because (G\{w}, E\<5(v)) is connected 
and bipartite, we can deduce from Lemma|9]that the restriction of x to (G \ {v}, E \ 
S(v)) must have all positive or all negative components. However, x w = 0, which 
yields a contradiction. □ 

Lemma 20. If(G, E) is 2-connected planar with two odd faces, then v{G, E) = 2. 

Proof By Theorem|8] (G, E) can be reduced to K 2 using AY-exchanges, parallel, 



series, and parallel-series reductions. If v{G, E) > 3, then by Lemmas 12 13 14 and 



15 v{K 2 ) > 3, which is a contradiction, as v(K 2 ) = 2, see (H. Hence v(G. E) 



2. □ 
Lemma 21. If (G, E) is the double prism, then v(G, E) = 2. 

Proof. Applying AY-transformations on the two triangles in the double prism, then 
applying series-parallel reductions, and finally applying parallel reductions gives K 2 . 
Hence v(G, E) < viK^ )- Since v(K^) — 2 and since the double prism contains 
as a minor, v(G, E) = 2. □ 

We now give the proof of Theorem [2] 

Proof of Theorem^ Since v(K%) = v(Kf) = 3, a signed graph (G, E) with v(G, E) 
2 has no K%- and no ii^-minor. 

For the converse, suppose for a contradiction that (G, E) is a signed graph with 
no K%- and no i^-minor, and v(G, E) > 3. Then (G, E) has at least three vertices. 



< 
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We take (G, E) with a minimal number of edges. By Theorems 16 and 18 (G, E) 
cannot have a 0-, 1-, 2-, or 3-split. Hence (G, E) is 2-connected. By Theorem [3] 
(G, E) is almost bipartite or planar with two odd faces, or is the double prism. By 
Lemmas fT9l|20l and|2T|we obtain a contradiction. Hence v(G, E) < 2. □ 



In Q~), we showed that v(K£) = 4 and v(K±) = 4. From Lemmas 12 and 13 it 
follows that v(H, fi) = 4 for any signed graph (H, f2) that can be obtained from Kf 
by a sequence of AY- and YA-transformations. We pose the following conjecture. 

Conjecture 22. A signed graph (G, E) has v{G, E) < 3 if and only if (G, E) has no 
minor isomorphic to Kg, K^, or any signed graph (H, Q) that can be obtained from 
by a sequence of AY- and yA-transformations. 
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